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In a previous paper by some of us [H. Novales- Sanchez and J. J. Toscano, Phys. Rev. D 82, 116012 
(2010)], the gauge structure of Yang-Mills theories with one universal extra dimension was explored. 
In particular, two types of gauge invariance were identified and classified as standard gauge trans- 
formations (SGT) and nonstandard gauge transformations (NSGT). The main purpose of this work 
C*") ■ is to give a precise meaning to this classification within the context of hidden symmetries. In three 

different gauge systems, suitable canonical transformations capable of hiding explicit symmetries are 
found. The systems under consideration are: (i) four dimensional pure SU(3) Yang-Mills theory, (ii) 
four dimensional SU (3) Yang- Mills with spontaneous symmetry breaking, and (iii) pure Yang-Mills 
theory with one universal compact extra dimension. In all cases the original system is mapped into 
, a certain effective theory that is invariant under the so-called SGT and NSGT. In the case where 

Pj^ ■ spontaneous symmetry breaking is present, the set of SGT corresponds to the group to which the 

original gauge group is broken into, whereas the NSGT are associated to the broken generators. 
System (ii) is a particular case of the more general scenario in which the symmetry G is broken in 
to H and a canonical transformation is introduced to map covariant objects under G into covariant 
objects under H . For systems (i) and (ii) the group of SGT is SU(2), whereas for the system (iii) 
this group is referred to as SU(N, M 4 ), the standard SU(N) with gauge parameters defined on four 
O I- dimensional Minkowski spacetime. Prospects to generalize the system (iii) to more than one extra 

dimension are also discussed. The differences between the pseudo Goldstone bosons that emerge 
from a degenerate vacuum and those induced by compactification are stressed. 
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I. INTRODUCTION 
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Recently, the ATLAS |l| and CMS [2j experiments at the Large Hadron Collider (LHC) reported the presence of a 
{SJ \ scalar boson, with mass in the range 125 — 126 GeV, that is compatible with the Standard Model's (SM) Higgs boson. 
If couplings of this particle to pairs of W and Z weak gauge bosons are found to coincide with those predicted by 
the SM in subsequent analysis of experimental data, the Higgs mechanism 0] will be firmly established as a genuine 
• phenomenon of nature. Since Higgs mechanism endows gauge bosons in a gauge theory with mass through absorption 
t-H ' of Goldstone bosons arising in spontaneous symmetry breaking (SSB), it would confirm that the weak interaction 
is spontaneously broken. This in turn would validate the existence of a degenerate vacuum as the source of elementary 
. — 1 particle masses. This constitutes a good motivation to investigate new mechanisms of mass generation. In particular, 
it is interesting to study some kind of source, alternative to spontaneous symmetry breaking, that however allows 
the Higgs mechanism to operate. On this direction, it is already known that gauge theories formulated on spacetime 
manifolds with compact extra dimensions [f| allow us to endow with mass the Kaluza-Klein gauge excitations in 
the absence of degenerate vacuum. Although in these theories there are pseudo-Goldstone bosons, allowing thus 
the Higgs mechanism to operate, they do not correspond to genuine Goldstone bosons in the sense of spontaneous 
breakdown of a global symmetry. The emergent Goldstone bosons in Kaluza-Klein theories are directly generated by 
compactification of the extra-spatial dimensions. 

Our main goal in this work is to clarify the gauge structure of pure Yang-Mills theories formulated on flat spacetime 
manifolds with compact spatial extra dimensions. Some theoretical aspects of these theories have already been 
studied in Refs. Ifi^ tSi- Also, they have been the subject of important phenomenological interest in the contexts 
of dark matter [Tol|T neutrino Physics [ll| , Higgs physics [l2j > flavor physics [l3[ , Hadronic and linear colliders [3] , 
and electroweak gauge couplings [l5j]. In Ref. some results in the context of a pure Yang-Mills theory with one 
universal extra dimension (UED) were presented; it was emphasized the necessity of explaining the gauge structure of 
the compactified theory in order to quantize it. In particular, it was obtained that as a consequence of compactification, 
the original gauge transformations split into two classes of gauge transformations: the standard gauge transformations 
(SGT) and the nonstandard gauge transformations (NSGT). In the present work we will show that a notion of hidden 
symmetry can be merged into the canonical structure not only of compactified theories, but also of gauge theories 
where no compactification scheme is given. 
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The concept of hidden symmetry is usually associated to theories in which SSB occurs; however, we will show that 
this is not exclusive of this kind of theories. A symmetry, encoded in a gauge group G, can also be hidden if there is a 
canonical transformation that maps well defined objects under the group G to well defined objects under a subgroup 
H . As we will see below, the possibility of mapping covariant objects of G into covariant objects of its subgroup H 
is crucial to understand a hidden symmetry in this context. It is at the level of the remaining symmetry that SGT 
and NSGT find a clear interpretation. The set of SGT forms a group which coincides with the subgroup H of G, 
whereas the set of NSGT does not form a group and is associated with those generators of G which do not belong 
to H . The phenomenon of SSB can be fit into this general scenario when a scalar sector that leads to a degenerate 
vacuum which is invariant under the subgroup H is introduced. In this case, the NSGT are associated to the broken 
generators of the group G. 

To clarify the ideas developed in the previous paragraph, we study in detail three gauge models. In order to show 
that our notion of hidden symmetry is not necessarily a consequence of a compactification scheme from a higher 
dimensional theory, the four dimensional pure ST/ (3) Yang-Mills theory is considered. The clarity in the analysis of 
this model permits us to use it as a toy model, where G — SU(3) and H = SU(2). In the sense defined above, a 
suitable canonical transformation is constructed; in particular, gauge fields with respect to SU(3) {A®, a = 1, ... ,8) 
are transformed into gauge fields (W°), two doublets (Y^ and Y^J) and a singlet (Z M ) all with respect to SU(2). The 
ST/(3) symmetry is hidden into the SGT and NSGT which correspond to transformations in SU{2) and transformations 
related with the five remainder generators of SU(3), respectively. This analysis, which does not involve SSB, will play 
a central role when we study Yang-Mills theories with compactificd extra dimensions. 

In order to clarify the physical meaning of the NSGT, the study of the SU (3) Yang-Mills theory with a renormalizable 
scalar sector that presents SSB is achieved. Besides the decomposition of the SU(3) Yang-Mills connection and the 
matter scalar into well defined objects with specific transformation rules under the subgroup SU(2), in this model 
it is shown that the unitary gauge corresponds to a particular NSGT which maps the pseudo Goldstone bosons into 
zero. Although, in gauge theories with compactified extra dimensions the corresponding NSGT are not associated 
to broken generators, we will see that the pseudo Goldstone bosons that arise in this class of theories can be also 
mapped into zero through NSGT, allowing thus that the Higgs mechanism operates. 

The third system in which we focus our attention is a pure Yang-Mills theory with various compact extra dimensions. 
We assume the basic gauge fields A a M , as well as gauge group parameters, to be defined on an m dimensional manifold 
Ai = Ai 4 xA/ n , with n the number of extra dimensions. Throughout this paper we work with a metric signature that is 
mostly negative, that is, diag(l, —1, . . . , —1). We denote the gauge group of these theories as SU(N,Ai) to emphasize 
that all gauge parameters of the Lie group SU (N) arc defined on Ai . The effective theory that results from integrating 
out the extra dimensions is invariant under SGT and NSGT, the set of the former transformations constitutes SU(N) 
but now defined on Ai 4 , we denote this group by SU(N, Ai 4 ). The restriction of gauge parameters of SU(N, Ai) 
to the submanifold Ai 4 defines the subgroup SU(N, Ai 4 ). The effective theory is characterized by the zero-mode 

gauge fields A^' '"' Q ' a (x) and the infinite tower of Kaluza-Klein (KK) excitations A < j7 l '"'" >a (x) and Ap n '"'^ a (x), where 
the whole set of spacetime indices in a local chart of Ai is split into those of Minkowski spacetime n and the extra 
dimensions p. The A% [ gauge fields (and their canonical conjugate momenta) are related to the basic fields in the 
effective theory via a Fourier series. We show that this relation is a canonical transformation such that each mode in 
the expansion is an object with a well determined transformation rule under SU(N,Ai 4 ), making this transformation 
in phase space a suitable one in the sense explained above. This canonical transformation permeates even at the level 
of the Dirac algorithm: it is shown that each generation of constraints as well as the primary Hamiltonian of the 
pure SU (N, Ai) Yang-Mills theory is mapped into the respective generation of constraints and primary Hamiltonian 
unfolded in the Dirac analysis of the SU (N, Ai 4 ) based theory. This fact implies that the theories before and after 
compactification are physically equivalent, this is one of the main result in the present paper. The gauge structure of 
the higher-dimensional theory is just hidden in the lower-dimensional theory, that is, SU (N, Ai) is certainly codified 
into the SGT and NSGT. It is worth noticing that the transition from the SU(N : Ai) description to the SU(N : Ai 4 ) 
one does not involve SSB because the number of generators of the groups matches. Compactification only implies a 
change in the support manifold of the group parameters. 

The rest of the paper has been organized as follows. In Sec. UH the pure SU(3) Yang-Mills theory is introduced, 
the canonical analysis of the theory before and after considering a suitable canonical transformation is independently 
achieved. It is shown that both frameworks lead to the same theory with the same number of physical degrees of 
freedom and the same gauge transformations, i.e. the canonical transformation simply recasts the system. In Sec. Mil 
a renormalizable scalar Higgs sector is added to the model presented in Sec. |Hl the corresponding suitable canonical 
transformation is introduced. We show that the presence of spontaneous breakdown SU(3) — > SU (2) allows us to use a 
specific NSGT to fix the unitary gauge. Section|lV]is devoted to the study of pure SU(N,A4) Yang-Mills theory; with 
the more tractable case of one UED, we explicitly present the suitable canonical transformation and compactification 
scheme that led us to the effective theory invariant under SGT and NSGT, we argue that both theories are equivalent 
as they have the same gauge transformations, simply written in different coordinates, and contain the same number 
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of physical degrees of freedom. In Sec. |V]a summary of our results is presented. Finally, in Appendix [Al we collect 
the proof on the canonical nature of the Fourier transform. 



II. THE TOY MODEL: PURE SU{3) YANG-MILLS THEORY 

The purpose of this section is to illustrate the notion of hidden symmetry within the context described in the 
Introduction, for which we consider the situation where G = SU(3) and H = SU(2). This model has attracted 
important phenomenological interest within the context of the so-called 331 models [16j | and it is interesting for us 
because the SU(2) group is completely embedded in the SU(3) one. This feature allows us to illustrate more clearly 
all the peculiarities of a hidden symmetry. 

A. The SU(3) perspective of the model 

We consider the four-dimensional Yang-Mills theory based on the group SU(3) with the well-known Lagrangian 

Csu(3) = -\F£ v Fr , (H.l) 
where the components of the Yang-Mills curvature are given in terms of the gauge fields A° by 

f% = MS - d »K + 9f abc K A v • ( IL2 ) 

In the special case of SU(3), the completely antisymmetric structure constants f abc have the following nonvanishing 
values: / 123 = 1, f 147 = ~/ 156 = J 246 = f 257 = f 345 = ~/ 367 = \ and / 45S = f 67s = ^. 
The Lagrangian (jll.lj) is invariant under the gauge transformations 

SA-(x)=Vfa b (x) , (11.3) 

where a a (x) are the gauge parameters of the group and T) ab — S ab d^ — gf abc A^ is the covariant derivative in the 
adjoint representation. The above gauge transformations imply that the components of the curvature transform in 
the adjoint representation of the group, 

SF^ = gf abc F b u a c . (II.4) 
As far as the Hamiltonian structure of the theory is concerned, the canonical momenta are defined by 

dkl a ' 1 ' 

where the dot over the fields denotes time derivative. This expression immediately leads to the following primary 
constraints: 

0W=^«O. (II.6) 
The time evolution along the motion of an arbitrary function on the phase space is dictated by the primary Hamiltonian 

H {1) = J d 3 xH^ m , (II.7) 

where 



4a(3)=^(3)+M a tf ) , (IL 



jj, a are Lagrange multipliers, and Hsu (3) is the canonical Hamiltonian. The latter is 
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Any physically allowed initial configuration of fields and conjugate momenta must satisfy the primary constraints 
(|II.6|i . hence the constraints must be constant in time. This consistency condition on the primary constraints leads 
to the following secondary constraints: 

^ = vf4^o. (ii.io) 

Applying the consistency condition to secondary constraints yields no new constraints. In this case, all the constraints 
are of first-class type [13]; the Poisson brackets among the constraints are linear combinations of the constraints 
themselves. The nonvanishing Poisson brackets between the first-class constraints are 

{4 2 )M>i 2) H} S[/(3) = gfabc^luv] , (11.11) 

where smeared form of the constraints was used, e.g. [u] := J d 3 x w(x)^i 2 ' ) (x). The label SU(3) on the Poisson 
bracket indicates that it is calculated with respect to the canonical conjugate pairs (^4°,7r^). 

As it is well known [l8T ] the number of true degrees of freedom, in a theory with first-class constraints only, 
corresponds to the total number of canonical variables minus twice the number of first-class constraints, all divided 
by two. Therefore, the number of true degrees of freedom is in this case (8 x 4) — (8 x 2) = 16 per spatial point (x). 

In this system all first-class constraints generate gauge transformations (III.3P through the gauge generator [l9[ 

G = «« b )0W - a a ^ (11.12) 

via the Poisson bracket as follows 

6A1 = {Al,G} sim . (11.13) 
We now turn to formulate the same theory but from the perspective of SU(2). 



B. The 5(7(2) perspective of the model 

The fundamental representation of SU(3) has dimension 3. A particular choice of this representation is given by the 
well known Gell-mann matrices A a , being the corresponding generators A a /2. Since matrices A 3 and A 8 commute with 
each other, there are three independent SU(2) subgroups, whose generators are (A 1 , A 2 , A), (A 4 , A 5 , A) and (A 6 , A 7 , A). 
For each case, A is a different linear combination (with real coefficients) of A 3 and A 8 . In this work, we will consider the 
subgroup determined by the set of generators (A 1 , A 2 , A 3 ) and the corresponding values of the structure constants will 
be denoted by f abc — e abc , where a = 1,2,3. We will also use the notation a = 4, 5, 6, 7 so that a = 1, . . . , 8 = a, a, 8. 
From the SU(2) perspective a will label gauge fields, whereas a and 8 will label tensorial representations of SU(2), 
see Eqs. (fTT7T9|) . 

In the configuration space, we consider the following point transformation: 

Al = Wl , (11.14a) 

4 = -71 (Vi + , 4 = -3 (Vi - y$ > ( IL14b ) 

A*=Z IA . (II.14d) 



4 = -m (V2 + . 4 = ~m ( y ; 2 - Y l) . ( IL14c ) 



This mapping relates the coordinates of the SU(3) formulation to the coordinates we will use in the SU(2) perspective. 
The inverse is conveniently arranged as follows: 

Wl = Al , (II.15a) 

Y >=$)-Ui~-%) - (iLi5b) 

Yl = (Yl, Y; 2 ) = i=(4 + iA\ Al + iAl) , (11.15c) 
Z M = 4 . (II.15d) 
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As it will be confirmed below, see Eq. pi.19l) . fields and Y"J transform as contravariant and covariant SU(2) objects, 
respectively, whereas becomes invariant under this group. 

Using the above point transformation, the Yang-Mills curvature components (|II.2[) can be rearranged as follows: 

Flu = W; v +ig(Y^Y v -Y^Y l \ , (II.16a) 

AT 

V = D^Y V - D V Y^ + ig-^- {Y^Z U - Y U Z^) , (II.16b) 

F% = Z, v + ig^ (Y}Y V - Y^Y,) . (II.16c) 

In these equations, W°„ = d^W® — d u W® + ge ahc W b W£ are the components of the su(2)-valued curvature, = 
dfi — ig^W? is the covariant derivative in the fundamental representation of SU(2), and = d^Z v — d v Z^. The 
components F£ v are encoded into Y^ v . 

The Lagrangian from the SU (2) perspective takes the form 

Zsum = ~W - \F%,Fr ■ (n-17) 

In terms of covariant objects of SU(2), the gauge transformations (|II.3[) are mapped into 

5W; = Vfa b - l9 (ft^Y, - Y^fs) , (II.18a) 
6Y» = »9y«" Y^ + ^Dfi - W^Z^j [3 + ig^j- Y^a z , (II.18b) 
8Z fl = d^a z -ig^-(0%-Y^) . (II.18c) 

where ft — ^-^= (a 4 + ia 5 ) (a 6 + ia 7 )^j . From the SU(2) perspective, the eight parameters of SU(3) split into 

the standard three gauge parameters, a a , two doublets, f3 and ft, and a singlet, az, of SU(2). In Eq. (|II.18a[) the 
covariant derivative of SU(2), T) ab = S ab d^ — ge abc W^, in its adjoint representation emerges. 

The standard gauge transformations (SGT) are defined from the transformation laws (|II.18|) by setting the param- 
eters /3 and az equal to zero, 

(II. 19a) 

(II.19b) 
(II.19c) 

From these expressions, it is shown W° transform as gauge fields, Y^ as a doublet of SU(2), and Z^ as an invariant 
under the SU(2) group. This means that transformation (|II.14j) constitutes an admissible point transformation 
as covariant objects of SU(3) are mapped into covariant objects of SU(2). Moreover, Eqs. (|II.19bp and (|II.19c[) 
make manifest that Y^ and are matter fields. In the context of this description, there arise nonstandard gauge 
transformations (NSGT), which are defined from pi,18|) by setting a a = 0, 

S m W^ = -ig(^Y M -^p) , (IL20a) 





= vfa 1 , 


S S Y^ 




ee ig—a a Y» 


SsZft 


EE . 



2 ^2 
-Z»\p + ig— 



S ns Y^ = [ D„ - ig^Z„ + ig\- Y^a z , (II.20b) 



S BB Z tl = d„ az -ig^(^Y ll -Y^0) , (II.20c) 

These NSGT tell us that there is a gauge symmetry larger than SU(2), in our case SU(3). More precisely, the 
difference between SGT and NSGT is that the former are associated with generators that constitute a group, whereas 
the latter have to do with generators that do not form a subgroup. The recognizing of this fact is crucial to quantize 
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the theory, as it requires to incorporate the gauge parameters as degrees of freedom from the beginning, so the use 
of only the SU(2) parameters or the complete set of the SU(3) parameters would lead to very different quantized 
theories. Of course, the theory can be quantized using the SU{2) basis but taking into account that and are 
also gauge fields, which means that the /3 and az parameters must be recognized as (spurious) degrees of freedom in 
the context of the BRST [ HHH symmetry. 

In order to justify that pi.!8[) are actual gauge transformations, we wish to show the invariance of the Lagrangian 
(III.17|) under these variations. Therefore one may want to start exploring the behaviour of 161) under (|II.18[) . After 
some algebra one finds 

SF% = ge^F^a 5 + ig - ^ , (II.21a) 

6Y^ = ig^-Y^a 3 - igF^p + ig^- (Y^a z - F%,0) , (II.21b) 

= *9^y (Y^ - & V) • (II.21c) 

It can be shown that the Lagrangian in the SU{2) description (III.17P is invariant under these transformation. Therefore 
it is also invariant under the transformations pi. 181) that decompose into the sum of SGT and NSGT. 

We now place some technical comments. In the variation of Y^ v pl.21b|) the following extra term is explicitly found 



Bp* = - 9 



n a a a a a a 

- \{pY v - Y^)Y, + {P^-Y, - Yf-P)°-Y v - {^-Y v - Yf-tf-Y, 

It at first sight seems to be different from zero, but consistency between the SU(2) and the SU(3) perspectives of 
the same theory indicates that it must vanish. Indeed, using the point transformation pL15j) . variations (|II.21|) are 
mapped into (III.4P as required. Also since B^ v is linear in /3, its occurrence in the variation of Y^ v would spoil the 
invariance of the Lagrangian pi,17[) under the NSGT pi.20[) ; however, one can see that the rth SU{2) component 
(r = 1,2) of the doublet is of the form 



l r 



(T r P s q - T£) (y; s y v o - y; s y*)p - r;*(y%« - yjy*)^ 



where = {cr a ) r p (a a ) s q + 381,8^. Using the explicit values of the indices shows that is symmetric mp and q, hence 
B r ^ u = 0. A similar behaviour is present in the invariance of the effective Yang-Mills Lagrangian in four spacetime 
dimensions obtained by integrating out a compact space fifth dimensions of a pure five dimensional Yang-Mills theory 
described in Sec. IIV1 Finally, since the variations pi.211) are obtained from pi.!8[) . at the curvature level, the SGT 
and NSGT are induced at the level of the curvature; in particular the SGT of F? v , Y^, and F% 

8 a F% = ge^F^a 5 , (IL22a) 
SsY^ = ig^-Y^o? , (II.22b) 
8,1% = , (II.22c) 

imply the previously enunciated fact: F® u , Y^, and F% transform in the adjoint, fundamental, and trivial represen- 
tation of SU(2), respectively. 

It is interesting to note that one can fix the gauge for the Y M fields in a covariant way under the SU (2) group. This 
is particularly useful in practical phenomenological applications (22[. To do this, let 

/ a = (S^d, - gf i5 Al) A? (11.23) 



be the corresponding gauge-fixing functions. In the SU(2) coordinates, these functions can be arranged in a doublet 
of this group as follows: 

h = , (11.24) 



where D M is the covariant derivative in the fundamental representation of SU{2). 
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We now proceed to study the Hamiltonian structure of the theory from the SU (2) point of view. So, to describe 
the system in phase space terms the following conjugate momenta are defined: 

%a = _ = , (II.25a) 



TTy 



^ = ^m=Y r ^°, (II.25b) 



7r^ r = dLsu ^ = Y»° r , (II.25c) 



QY* 
^ 1 fir 



dC ™@.=Fg a . (II.25d) 



It is important to notice that 7Twa are not the canonical momenta associated with the pure SU (2) theory whose 
Lagrangian is 



£ = -jW*,Wf , (11.26) 



and which leads to the conjugate momenta 

P% = Wf . (11.27) 
These momenta differ from those derived from the Lagrangian (|II.17[) . which are explicitly given by 



*w£ =p" a + ig (Y^ U Y Y° - Y^ u -Y» J . (11.28) 

The relations between the canonical momenta in the SU (3) and the SU (2) descriptions are 

< = , (n.29a) 

< = ± (vyZ + vr^ 1 ) , ^ = ± fa - tt^ 1 ) , (IL29b) 

< = ^ (*v£ + vr^ 2 ) , = ± fa - tt^ 1 ) , (II.29c) 
^ = n z , (II.29d) 

whose inverses are 

KWa = TTa , (II.30a) 

Try" = (ir Yl ir Y %) = + wr£ < + i^) , (II.30b) 







« 


- 


W 2 ) 






- l7T 7j 



(II.30c) 

y / \"6 ""7/ 

irz^ = tt£ . (II.30d) 

From the conjugate momentum expressions (|II.25|) and using the notation (|II.30|i . one can readily recognize the 
primary constraints as 

(II.31a) 
(II.31b) 
(II.31c) 
(II.31d) 

Notice that </Jy* and (f)y are covariant and contravariant SU(2) doublets, respectively. Since irwa do not coincide 
with the conjugate momenta associated to the pure SU(2) theory (|II.26|) . the primary constraints <j>^ differ from the 





nr • 

= fffa ' 


»0, 










t o „ 




4 X) 




i . 
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primary constraints which emerge in the canonical analysis of pi.26l) . The same observation will apply for the 
secondary constraints. 

The primary Hamiltonian, which governs the evolution of the system, takes the form 

H SU{2) = U su(2) + M 5 4 1} + $V + 44 X)t + Mz4 1} ■ (11.32) 
It corresponds to the sum of the canonical Hamiltonian 

Usu(2) = \-kw\-kw\ + Try*^ + \vz^z l + \ (f^F» + 2Y^ + 

- - ~ Y^P - Zq4 2) , (11.33) 

and a linear combination of the primary constraints (|II.31|) where the Lagrange multipliers fj,y, Hy an d Hz are 

H Y = + *|i 6 + , (II.34b) 

v2 

fi z = Ms ■ (II. 34c) 

By using the primary Hamiltonian (|II.32[) . the consistency condition over the primary constraints (|II.31[) yields the 
following secondary constraints: 



Vfirwl ~ *3 W Y Yi ~ Y * Y Y ) * ° ' (IL35a) 
V [A + fc^Z, ) - * 5 y/ ( + J « , (II.35b) 



4 2) = - i 5 ^U j 4 4 + *s y Y nwl + T* z ) ^ ^ ' (IL35c) 
4 2) = W - 19^- (ky% - « , (II.35d) 

where the action of on a contravariant SU(2) doublet, say 7ry M , is another contravariant SU(2) doublet defined 

by ■Ky^D^ = d^iry^ + igny^^-W^. The consistency condition applied to each secondary constraint yields no new 
constraints. It turns out, that all primary and secondary constraints do form a set of first-class constraints; in fact, 
the relevant Poisson brackets between these first-class constraints are 

{4 H>CM}sc/(2) = gtabc^PWv] , (II.36a) 

{4 2) [«],^ )r MW (a) = ig^<P { y )s M , (ii.seb) 



{<$ )r [u],<$ )s [v)} sm2) = g 2 T™J d 3 x{uv)^){^Y[ -tt^)(x) , (II.36c) 



+ ff 2 (T- - I£) y d 3 z (uv)(x)(n Y lY? - l^r P )« , (II.36d) 

#[4^HWp) = -^4 2)r M . (n.36e) 



where {•, -},s!/(2) denotes the Poisson bracket that involves the SU(2) phase space coordinates. Due to the symmetries 
present in the lower indices of one has that the terms proportional to g 2 on the right hand side of (|II.36c() 
and ()II.36dl) do not contribute to the occurrence of tertiary constraints, instead these terms identically vanish and 
the Poisson brackets among all the constraints give a linear combination of constraints themselves. A more elegant 



9 



argument to show that such terms must identically vanish on the whole phase space is the following. Notice that 
pi.141) and (|II.29|> define a canonical transformation in the ordinary sense [23j |. and hence {-,-}su(3) — {'r}su(2)- 
Moreover, it is easy to see that this canonical transformation maps the primary constraints (|II.6j) into (|II.31|) . hence 
the primary Hamiltonian in the SU (3) phase space coordinates (|II.8|) becomes the corresponding Hamiltonian in 
the SU(2) coordinates (|lL32l) . As a consequence, the set of secondary constraints in both formalisms must match 
under the canonical transformation. Indeed, this can be proved by direct calculation. Since exclusively the primary 
Hamiltonian is employed to evolve the constraints in time through the Poisson bracket, one concludes the Dirac 
algorithm in the SU (2) formulation must lack of tertiary constraints just as it does in the SU(3) formulation; this fact 
rules out the presence of the extra-terms proportional to g 2 in the gauge algebra (|II.36|) . In conclusion the canonical 
transformation (III.14I) (|II.29|) maps each stage of the Dirac algorithm in the SU (3) formulation into the corresponding 
stage in the SU{2) one. Notice that the number of physical degrees of freedom of the SU(2) effective theory matches 
with the corresponding number of the pure SU (3) Yang-Mills theory. 

We end the Hamiltonian analysis from the SU{2) perspective by calculating the gauge generator G This 
generator is linear in all first-class constraints (|II.31|) and (|II.35P with coefficients of the primary ones related to that 
of the secondary ones; the relation among the coefficients is obtained by imposing the condition that the total time 
derivative of G, 

+ {G, y.SU(2)}sU(2) , 

must be a linear combination of the primary constraints only j24|. As a consequence one gets 

G = [Vfa» ig(^Y - Y^P)) # + # [(A) - ig^Z°)f> + ^ ~ ^«z)Y ] 

- a a 4 2) - /3 f 4 2) - 4 2)t /? ~ "z4 2) ■ (H.37) 

This gauge generator is the sum of G s = G|^ = o,a z =o an d G ns = G\ a a =0 which independently generate the SGT and 
NSGT, Eqs. (|II.19[) and pi.201) . respectively, via the Poisson brackets 

5 S W« = {W;, G B }sv m , S S Y^ = {y M , G s } su{2) , S S Z^ = {Z„, G s } su(2) , (11.38a) 
5 ns W; = {W* G ns } SU (2) 1 6 ns Y^ = {y M , G ns } su{2) , S ns Z^ = {Z^ G ns } su{2) . (II.38b) 

The complete transformations (|II.18[) are duly reproduced by the addition <5 = <5 S + <5 ns . It is worth noticing that 
the gauge generator (|II.3T() is the image of the gauge generator (|II.12|) under the canonical transformation defined by 
(IlLltl) and flOO) . 

To conclude this subsection, we would like to emphasize the following. A hidden symmetry arises when an admissible 
canonical transformation is introduced. The canonical transformation is admissible in the sense that it maps covariant 
objects under some group G into covariant objects of a subgroup H of G. The gauge symmetry, which is manifest in 
G, is hidden in H. The gauge symmetries with respect to the group G that appear hidden from the H perspective 
are those associated with the generators of G that do not generate H. This is true independently of whether or not 
the G group is spontaneously broken down into H. In our toy model G = SU(i) and H = SU(2), after the canonical 
transformation, only the fields W£ = explicitly continue being gauge fields under H . The rest of the fields, Y M , 
Y^J and fulfill very different transformation laws under H; nevertheless, the latter fields can be mapped back with 
the canonical transformation to gauge fields with respect to G. This result is crucial for our study of passing from the 
SU(N, M.) gauge group description to the SU(N,M. A ) one via compactification, as in this case the phenomenon of 
spontaneous symmetry breaking is not present. Note that in this subtler case SU (N, Ai 4 ) is a subgroup of SU(N,A4) 
not due to a difference in the number of generators, which is the same indeed, but because the gauge parameters of 
the group SU(N, M.) are restricted to take values on the submanifold Ai A of Ai. We will show that there exists an 
admissible canonical transformation in this case. 



III. THE SU(3) YANG-MILLS THEORY WITH SPONTANEOUS SYMMETRY BREAKING 

We now proceed to extend the study of the previous section to the case when the SU(3) group is spontaneously 
broken into the SU{2) in the usual sense. One of the main purposes is to show how the SU(2) description is natural in 
this case of SSB. Although most of the material presented here is well known, we consider that its inclusion is relevant, 
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as it might facilitate the discussion on Yang-Mills theories with compactified extra dimensions to be introduced in the 
next section. One remarkable feature in the compactification scheme applied to Yang-Mills theories is the presence of 
the Higgs mechanism. In particular, we consider that it is important to show how the NSGT specified in the SU(3) 
model with SSB can be used to define the unitary gauge; in this scenario, we will be able to make a precise analogy 
of this procedure with a similar one used in the context of extra dimensions. 



A. The SU(3) perspective of the model 

To carry out the mentioned SSB, we add to the pure SU(3) theory given by the Lagrangian (III.ll) a renormalizable 
scalar sector £$, so that 

£si/(3),* = £st/(3) + ) (III.l) 

where 

U = (L> A1 $) t (L>^$)-T/($ t ,$). (III.2) 

In this expression = — ig^-A 1 ^ is the covariant derivative in the fundamental representation of SUfi) 1 and $ is 
a complex contravariant Poincare scalar triplet of SU(3). In addition, , $) is the renormalizable scalar potential 
given by 

V = n 2 + A($ f $) 2 . (III.3) 

It is straightforward to show that the Lagrangian (|III.1[) is simultaneously invariant under (|II.3j) and the infinitesimal 
rotation of the triplet $ in the isospin space 

6$ = ~ia a fy$) ■ ( IIL4 ) 

The gauge symmetries of the Lagrangian (jlll.lj) will be reflected in the occurrence of first-class constraints in the 
Hamiltonian setting. In order to formulate the theory in phase space terms, in addition to the canonical pairs (-A" 7T^), 
c/. Eqs. (jll.Sp . the conjugate pairs ($,7r) and tp) must be introduced; where 



(U «) t , (III.5a) 



^ = ^ = D ^ > ( IIL5b ) 

Note that ir and ir^ correspond to covariant and contravariant SU(3) triplets, respectively. From the Eqs. pil.5a[) and 
(IIII.5bp the velocities & and $ are expressible in terms of phase space variables, therefore they do not give rise to 
more primary constraints in addition to those defined in (|II.6|) . To bring uniformity into the present section, primary 

constraints will be denoted by ipa = 4*^ ■ The incorporation of the scalar sector to the pure SU{3) Yang-Mills 
Lagrangian does not have influence upon the primary constraints of the pure theory alone. 

The canonical Hamiltonian associated to pil.l[) will be the sum of (|II.9[> and the contribution from the Higgs sector 
namely 

^st/(3),* = Usu{3) j (III. 6) 

where 

= TTTrt + ipAg(7Ty$ - $ f y ^) - (A*)^*) + V(&, $ f ) (III.7) 



1 We trust that no confusion will arise with the symbol Z5 M already used for the covariant derivative of SU (2) in its fundamental 
representation, as we think one can infer the nature of the covariant derivative depending on which object this is acting on. 
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Notice that the term linear in Aq will modify the secondary constraints that are produced in the absence of the Higgs 
sector. Indeed, the primary Hamiltonian 

^(3),*=^(3),* + MVi 1) (IIL8) 

allows us to obtain the consistency condition on the primary constraints (|II.6|) providing the following secondary 
constraints: 




(III.9) 



where <jy a corresponds to the secondary constraints (|II.10[) conveyed by the pure SU(S) Yang-Mills theory . Con- 

(2) 

sistcncy requirement on ipa does not bring more constraints, ending with the Dirac algorithm. The primary and 
secondary constraints of the theory, Eqs. (|II.6[) and (|III.9|) . form a set of first-class constraints; the nonvanishing 
Poisson brackets between the constraints reveal the SU (3) symmetry of the theory 

{^ 2 >M,^ 2) M}5r/(3) = 5 /a & c^ 2) H , (111.10) 

where {•, -}s(7(3) is the Poisson bracket in the SU (3) formulation which takes into account the conjugate pairs (A® , ir%), 
($, 7r) and , 7r^). Since only secondary constraints are modified by the Higgs sector, one expects that once the SSB 
of SU(3) into SU(2) operates, the affected constraints will only be the secondary ones. 

Before going into the SU(2) formulation of the theory, the gauge generator is presented. Linear in all first-class 
constraints, this corresponds to 

G = (Vfa b )^ - aVi 2) (IILll) 

Notice that the scalar contribution in the secondary constraints (|III.9|) is responsible for the appropriate transformation 
law that the scalar fields must follow (|III.4|) : in fact, 

5A«={A^,G} SU{3) (III.12a) 

6® = {$,G}su(3) (III.12b) 

faithfully reproduce (|II.3[) and (IIII.4I) . that is, the symmetries of the theory. 



B. SSB from the SU(3) perspective 

In this subsection we revisit the SSB Q from what we have referred to as the SU (3) perspective. We consider the 
case /i 2 < 0, in which the vacuum is infinitely degenerate, so the theory presents SSB. 

The extremum at $ = is not considered. We may presume that the expectation value of $ in the vacuum does 
not vanish. The energy of the system is minimal on all the points of the spherical surface given by 

$L<J> mi „ = -gW, (IH.13) 

All points on these surface are physically equivalent because they are connected through SU(3) transformations. To 
break down SU(3) into SU(2), one chooses a particular direction $ m i n such that 

Y$min = , (III. 14a) 

Y$min + , (III. 14b) 

A 8 

y $ mi „ + . (111.14c) 

The isotropy group, the one corresponding to unbroken symmetries, at $ m i n is SU(2). It is convenient to choose a 
representative of the solutions (|III.13[) as & min = (0 v). This choice means that five generators of S*C/(3), namely, 
4- and 4p, are broken. 

Within this formulation, two cases naturally arise depending on the nature of the gauge parameters a a (cf. (JO]) ), 
These are 
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(i) The Goldstone Theorem Assuming the parameters a a to be constant functions on Minkowski space, the 
invariant Lagrangian corresponds to 

CSU(3)M = (d^)Hd^) - V(&,$) . 

When the theory is subjected to the translation $ M- ip = $ — $ m ; n there arise five real massless scalars. These 
correspond to (p , ip 2 and the imaginary part of ip 3 denoted as (f>z. In addition, a massive scalar H emerges, 
identified as the real part of (p 3 , that quantifies the normal excitations to the surface of the minimal energy. 
Hence, associated with each broken generator of SU (3) there is a massless scalar or Goldstone boson. 

(ii) The Higgs Mechanism 3]. Assuming the parameters ct a to be nonconstant functions on Minkowski space, 
the invariant Lagrangian corresponds to In this case, besides the presence of five Goldstone bosons, five 

massive gauge bosons (A^ and A^) arise. This is the celebrated Higgs mechanism. In this scenario, the Goldstone 
bosons represent spurious degrees of freedom, as they can be removed from the theory in a special gauge, known 
as unitary gauge. In the following section we will show that this mechanism has a natural description in the 
SU(2) coordinates, and that the unitary gauge can be understood as the action of fixing the parameters within 
what will be defined as NSGT on the scalar fields, Eq. pil.21b|) . 



C. The 5(7(2) perspective of the model 

In this subsection the description of the field theory (|III.1[) from the SU{2) perspective is achieved. The pure SU(3) 
Yang-Mills sector £su(3) is mapped, by means of the point transformation (|II.14[) . into C$u{2) pi-17[) . and the scalar 
sector £$ is mapped into L$ by decomposing the SU(3) triplet $ into a SU(2) doublet and a scalar, 



$1 



9 ) = [&) , (III.15a) 

<j)° = $ 3 . (III.15b) 
Therefore, the Lagrangian (jlll.lj) is recast in terms of well defined objects under the action of SU(2), 

£-SU(2),4> = £-SU(2) + £<f» (III. 16) 

where the Higgs sector becomes 

£^ = (£>^)t(iy$)|#_ > ^ + V(*,&)\ 9 ^ A . (111.17) 



The first term explicitly becomes 



[<p *Y}(D»<t>) ~ </>°(D»<j>)% + {tfY^d^ ) - (y»(d^°*)] 

+^=z M [</) t (^0)-(^0) t + 2(0°a' i * ~^*d^^)\ , (IH.18) 

2y3 

where the covariant derivative in this expression is the one associated to the SU{2) group in the fundamental repre- 
sentation. The scalar potential can be written as follows: 

V\^ = [ M 2 + 2A (^*0 )] foV) + [M 2 + A (0°*0 )] fa ** ) + A fa^) 2 . (111.19) 
Gauge invariances of the theory in this formulation correspond to (IIII.ip together with 

a i aa + ^ az )^T2^> (IIL20a) 

6° = — l -=ft<t> + -^=a Z (t> ■ (III.20b) 
v 2 V 3 
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Notice that in the scalar sector of the theory, the SGT and NSGT also arise naturally. Indeed 

S s <f> = -iy«> , S s cf> a = ; (III.21a) 

<W - - % - ^« Z ^ + V^V) , 5 ns <f>° = -^=/3^ + ^ a z^° • (III.21b) 

We now proceed to the Hamiltonian formulation associated to the singular Lagrangian (jlll. 16[) . Since the scalar 
sector does not contain spacetime derivatives of either gauge fields W°, or SU(2) doublets Y" M , or the scalar Z^, the 
canonical conjugate momentum associated to each of these fields coincides with those defined in Sec. Ill Bl Hence the 
conjugate momenta in the SU(2) formulation are given by Eqs. (jlL25|) and 

^!%^(p 0+ «^) + %?-Y2, ( m, 2 a) 



tto = = [d - -^=Zo )^* + ^Y , (III.22b) 



y/3 7 V2 



dC *-( Do -^Lz )cb-^Y , (111.22c) 



~ d& r u 2vrv r V2 
^ = W = ( d0 + ^ z ¥-7f^- (IIL22d) 

It is worth noticing that tv^ and 7r^ are covariant and contravariant SU(2) doublets, respectively; whereas, tto and its 
complex conjugate are SU{2) scalars. The relations among conjugate momenta (IIII.22|) and the corresponding objects 
(IIII.5I) in the SU (3) viewpoint are 

= (ttJ 4) = (tt 1 tt 2 ) , (III.23a) 
7T = vr 3 . (III.23b) 

As expected, the scalar sector of the theory does not bring additional constraints into the SU (2) formalism either. 
Instead of going through the Dirac formalism using the Poisson bracket {•, ■}su(2)^ that in this case would include also 
the canonical pairs ((f), tt^) and (0 o ,7To), we will make use of the arguments given after Eqs. (III.38|) in the following 
way. First, notice that Eqs. (|II.14|) . (|II.29j) . (|III.15j) and (jIII.23j> define a canonical transformation from SU(3) to 
SU{2) coordinates, therefore {•, -J-sf/ra) = {•, •}su(2)- Second, the canonical transformation maps the set of primary 

constraints {^i 1 "*} into the set of primary constraints {<p^ = 4>& \ fy = < ry\ Vz = ^z^}' the transformation hence 
recasts the primary Hamiltonian (|III.8[) in terms of SU(2) variables as follows: 

n su(2U = H S up) +^ + + $ V + vWy^ + (HL24) 

where Hsu (2) is given by 17|) and Htf, is the Legendre transformation of with respect to the fields (j> and cj)°. As 
a consequence of these two observations, the set of secondary constraints that emerges in the SU(3) viewpoint must 
be faithfully mapped into the set of secondary constraints given in terms of the SU (2) coordinates. These are 

(III.25a) 

(III.25b) 

(III.25c) 

tTrJ)) « , (III.25d) 

where <p^\ 4>y ' ^y anc ^ $z are gi ven by Eqs. pi. 351) . Indeed this can be proved by direct calculation. Finally, the 
set of equations that define the gauge algebra piI.10[) can be expressed in terms of SU (2) variables only using the 
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canonical transformation. The nonvanishing Poisson brackets are 



{fn M,<Pi M}su(2) = g^abc <4 2) M . (III.26a) 

{^[4^[«kp) = ^ 2)S M , (IIL26b) 

wP r [uW?;[v}} sum = ig n££<pV[uv] + ^<rfn) (ni.26 C ) 

{^M,4 2) MW(2) = -^U 2)r M , (m.26d) 



Since the canonical transformation connects the Dirac algorithm developed in the two different set of coordinates 
at each step of it, we have that the gauge generator (jlll.lip must be translated into the corresponding one in the 
SU(2) variables, namely 

G = [Vfa* - z ff (/3t^y - Y^f})]<p™ + [(D - ig^-Z°)P + lg {^ - ^a z )Y Q ] 

+ [ffl(D + ig^-Z°) - l5 r t(^a a - ^a z )}^ + [d az + ig(^ - pY Q )]v$ 

- «Vl 2) - fi<$> - - a zV >f • (111-27) 

from which the sectors that independently generate SGT, G s = G\/3 = o, az =o, and NGST, G ns = G| a a =0 , are easily 
identified. Notice that it is due to the terms depending on the Higgs sector in each secondary constraint that 
Eqs. (IIII.21|) arc suitably recovered from brackets 

S s ct> = {4>, G s } su{2) , 40° - {0°, G S } SU (2) , (III.28a) 

<5ns</> = Gns}sU(2), S ns (/) Q — {(fP , G ns } S U(2) ■ (III. 28b) 

The corresponding variations for W" Y^ and are given in Eqs. (III.38I) . 

In this subsection we have passed from a description in which the ST/ (3) symmetry is manifest to an equivalent 
formulation that is manifestly invariant only under the subgroup SU(2). In the context of theories with SSB, it is 
said that the SU(2) symmetry is exact, whereas the SU(3) is hidden. We now turn to discuss the SSB of the SU(3) 
group into the SU (2) one, from the viewpoint of the latter. 



D. SSB from the SU{2) perspective 

We reconsider the case of infinite degeneracy of vacuum, [i 2 < 0. Configurations with minimal energy (|III.13|) lie 
on ^min^min + ^mtn^min = v 2 ■ As we have remarked, there is a natural separation of 577(3) parameters into those 
parameters of the isotropy group, a a , and those associated to the broken part of the group, a° and a 8 . In fact, this 
split is what determines the SGT and NSGT previously defined. The functional form of the Lagrangian 161) . 
where the SU(2) sector of SU(3) is manifest, suggests the study of the following cases: 

(i) The Goldstone theorem. We assume the broken part of SU(3), generated by 4p and 4p, to be global; that 
is, we allow a a and a 8 to be spacetime independent. In other words, assume that the NGST are global, 
but not necessarily SGT ones. In such a situation, the following Lagrangian is invariant under this class of 
transformations: 

£ 9 = ~\w^W-r + (D^(D^) + (d^°*)(d^°) + V\^ , 

where are the components of the sit(2)-valued curvature and is the covariant derivative of SU(2) in the 
fundamental representation. There arise five massless scalars when the theory is developed around the particular 
minimum $,„;„, which is decomposed into the doublet </> min = and the scalar </>^ in = v, by carrying out the 
shift cf>° H> H + i(f>z = <P° — v. These scalars do correspond to <j>, <fy and the singlet (j> z , which are identified with 
the so-called Goldstone bosons. The massive field H survives. Hence, there is a massless scalar associated with 
each independent NSGT. 
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The Higgs mechanism. Now assume the larger symmetry SU(3), that is, both the SGT and NSGT are local. 
In this scenario, the theory developed around the particular minimum is characterized by the Lagrangian given 
in Eq. (|III.16j) . with <fp replaced by (v + H + i<j>z). Five gauge helds, Y^, Yj, and Z^, acquire mass and 
simultaneously five pseudo-Goldstone bosons appear, namely (f>, (jr and <pz- Notice that all the mass terms are 
invariant under the SU(2) subgroup. 

All pseudo-Goldstone bosons can be removed from the theory through the so-called unitary gauge. Although in 
this gauge the pseudo-Goldstone bosons disappear from the theory, the degrees of freedom that they represent 
appear as the longitudinal polarization states of the gauge bosons associated with the broken generators. The 
implementation of the unitary gauge can be understood in terms of the NSGT. Indeed, consider the NSGT 
(|III.21bjl with particular gauge parameters 



az 



iV2 

<, 

v 

V3, 



(III.29a) 
(III.29b) 



which yields (j) 1 = and cj>' z — 0. Therefore the unitary gauge corresponds to a particular NSGT which maps the 
pseudo Goldstone bosons into zero. In addition, from the NSGT given by Eqs. <pL2Q)) . one finds 

(III.30a) 
(III.30b) 

(III.30c) 

The incorporation of the pseudo Goldstone bosons as the longitudinal component of the massive gauge bosons Y^ 
and Z'^ is evident from these expressions. We will come back to this latter on, when discussing this mechanism 
in the context of theories with compactified extra dimensions. 

The unitary gauge can also be implemented via a finite NSGT. Consider the non-linear parametrization of the 
triplet $, 





= K , 




K 
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V 



with 



$(x) = U(x) 



Ui.r) = cxp ( i^-a a + 



H, 



(111.31) 



i\ A U 1 



exp {"(^ 

+a 6 (0 2 - cp 2 *) - a 7 (0 2 



i 1 *) - A 5 (d) 1 
1 3 



(111.32) 



where the parameter values given in ([III. 291) were used. The finite version of the NSGT ()III.21b|) are obtained by 
acting with U" 1 (a;) as follows: 





*'(ar) ^U" 1 ^)* = ( 



(111.33) 



Equations pil.301) are recovered by using the particular element U 1 (x) e SU (3) into the finite gauge transformation 
of the connection, A'^ = U(x)A IM U' (x) — i(9 M f7)£/t, and keeping the analysis at first order. 



IV. YANG-MILLS THEORIES WITH COMPACTIFIED EXTRA DIMENSIONS 



This section is devoted to study the gauge structure of Yang-Mills theories with compactified extra dimensions in 
the spirit of the notion of hidden symmetry discussed in previous sections. The starting point in the compactification 
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is Yang-Mills theory with an underlying compact Lie group SU(N) in 1 + (m — 1) spacctime dimensions, with to > 4, 
where we choose a metric signature that is mostly negative. We assume the spacctime manifold to be M. m = 
x TV" = {{X M )} = {(x^,y a )} ee {(x,y)}. To label points in the submanifold TV™, we also use x» = X a+i = y a , 
with a = 1, . . . , n, so that, p, = 5, . . . , n + 4. Gauge fields will be denoted by A M {x, y), where a and M are the gauge 
(a = 1, . . . , N 2 — 1) and the Lorentz (M = 0, 1, 2, 3, 5, ... , to) indices, respectively. Since, in a local symmetry, gauge 
parameters are spacetime-depcndcnt functions, we refer to the to dimensional SU(N) pure Yang-Mills theory as pure 
SU(N, M.) Yang-Mills. In this context, once the extra dimensions are integrated out, the effective theory will be 
invariant under the so-called SGT and NSGT. The former will be referred to as the SU(N, M 4 ) subgroup. 

In previous sections, we introduced transformations that map covariant objects under a gauge group G into covariant 
objects under a subgroup H. All these maps were defined within the same standard Poincare group 75*0(1, 3). 
However, in the case of Yang-Mills theories with compact extra dimensions, the transition from the SU (N, M) gauge 
group description to SU(N,Ai 4: ) will simultaneously convey certain transformation that maps covariant objects under 
the Poincare group 750(1, 3 + n) into covariant objects under the standard ISO(l, 3). We now proceed to present a 
brief discussion on this issue. 



A. The Poincare group perspective 

In a flat m-dimensional spacetime, the Poincare group ISO(l,m — 1) is defined through its generators, whose 
number is equal to \m{m +1). m of these generators, denoted by Pm, belong to the group of translations, and the 
remainders \m{m — 1) ones, denoted by Jmn, are associated with the Lorentz group 50(1, to— 1). These generators 
satisfy the following Poincare algebra: 

[P M ,P N ]=0, (IV.l) 
[Jmn , Pr]=i (vmrPn - 9nrPm) , ( IV - 2 ) 
[Jmn , Jrs] — i (9mrJns — 9ms Jnr — 9nrJms + 9ns Jmr) ■ (IV.3) 

It is not difficult to see that in this algebra there are two subalgebras merged. One of these algebras corresponds to 
the one of the standard Poincare group 750(1, 3), 

[P» ,P V ]=0, (IV.4) 
[J^ ,P p ] = i {g^Pu - g vp P») , (IV.5) 
\Jfj.v i J p<y\ ^ yQixpJfa QpaJvp QvpJpo ~l~ QvaJpp) •> (IV. 6) 

whereas the other one is associated with the inhomogeneous orthogonal group in n dimensions ISO(n), 

[Pp,P,]=0, (IV.7) 
[J^ ,P p ]=i (S^P-p - <W-P P ) , (IV.8) 

\JjXT> j J pa] = i {fipaJvp ^ppJva ^vaJpp ^upJpa) • (IV. 9) 

Consider an infinitesimal Poincare transformation in the M. manifold, 

X M = uj mn X n + e M , (IV. 10) 

where uo MN = —uo NM and e M are the infinitesimal parameters of the group. Then, under this transformation, the 
gauge field Am(X) = T a A M (X) transforms as 

SAm(X) = [lo mn + g MN (lo ab X b + e A ) d A ] A N (X) . (IV.ll) 

This relation can be naturally split into variations for Ap(X) and A P {X) components as follows: 

SAp(X) = [u^, + (u^x" + e p )d p ]A v {X) 

+ [(u^x* + e A ) 0* + ojp, (x p d» - x»d 9 )} A P (X) 

+ Up P A*(X), (IV.12) 
SAp(X) = [upp + gps (u^x 9 + e p )d~P]A v {X) 

+ [{u^a? + e„) 0" + tup, (x D d» - x^d")} Ap(X) 

+ u]- pu A v {X). (IV.13) 
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It can be appreciated from these expressions that Ap and Ap transform under the standard Lorentz group SO(l,3) 
as a vector and as a scalar, respectively; whereas they transform as a scalar and as a vector under the orthogonal 
group SO(n). This means that in a stage previous to compactihcation the Yang-Mills action 5[^4m], which is 
manifestly invariant under the largest ISO(l,m — 1) Poincare group, can be written in terms of covariant objects of 
the ISO{\, 3) and ISO(n) groups, that is, we can write a completely equivalently theory through an action S[Afi, Ap]. 
From this perspective, the ISO(l, 3) and ISO{n) symmetries are manifest, but the ISO(l, in) is hidden. In complete 
analogy with the ideas introduced in previous sections for unitary gauge groups, we can define two types of standard 
transformations, which correspond to the inhomogeneous subgroups 750(1,3) and ISO(n). The former, which we 
will call standard Poincare transformations (SPT), are defined by setting ujpp = uj^ — tp — 0, which means that 

SA^X) = [uv + 9pu {u p „x° + e p ) 0"} A V {X) , (IV.14) 
SAp(X) = {u^x* + WA^X) . (IV.15) 

The latter ones, which we will call standard orthogonal transformations (SOT), arise in a scenario with ujp V = uj^ — 
c.p = 0. The corresponding transformations are given by 

5Ap(X) = (up P x p + ep) 9%(X) , (IV.16) 
SAp(X) = [ujpv+gp- v (uj ps x s +ep)dP]A p {X). (IV.17) 

The action S[Au,An] is manifestly invariant under these standard spacetime transformations. However, this action 
is not manifestly invariant under transformations induced by the J M p generators. These are nonstandard Poincare 
transformations (NSPT), which are defined in a scenario with parameters uj^ ^ and the remaining ones equal to 
zero, 

SAp(X) = lu pP {x 9 d^ - x»d p ) A^X) + u^A D (X) , (IV.18) 
6Ap(X) = Lo pi? (x»d p - xf>d p ) Ap(X) + up v A u {X) . (IV.19) 

As it is well known, the standard Higgs mechanism operates via scalar pseudo-Goldstone bosons that are provided 
by SSB of the gauge group in consideration. However, in Yang-Mills theories with compact extra dimensions the 
switch from the gauge group SU(N,M) to SU(N, M 4 ) does not involve any SSB because the number of generators 
in both groups is the same. So, in this class of theories the pseudo-Goldstone bosons needed to implement the Higgs 
mechanism have nothing to do with the unitary gauge group, but instead with the Poincare group, because these 
scalar fields arise by compactification of the extra spatial coordinates. Compactification leads to an explicit breaking 
of the ISO(l, to) group into the standard one ISO(l, 3). So, after compactification, the corresponding effective theory, 
which depends on the KK fields, is subject to satisfy only the SPT. 



B. Pure SU(N,M) Yang-Mills Theory 

The Lagrangian that describes pure SU(N,JA) Yang-Mills theory is given by (c/. (|II.1[) ) 

£su { N,M){x,y) = -\F a M N {x,y)T™ N {x, y ) . (IV.20) 

The components are regarded as functions of gauge fields A a M (x, y) as in Eq. (jll.2[> except that in this case the 

coupling constant is denoted by g m whose dimension is of [mass]^ 4_m ^ 2 . Gauge invariances of the theory pV.20[) arc 
(c/.(HL3j) 

SA a M =Vf I a\x,y) , (IV.21) 

where 2?^ — 5 ab dM — 9mf ahc A c M . From (jIV.211) the components of the curvature are transformed in the adjoint 
representation ^F^at = 9rnf abc ^ h MN a c {x,y) . 

The Hamiltonian description of the theory goes along the same lines of Sect. Ill Al The conjugate momentum to 
A a M is denoted by 7r^. The canonical analysis yields the following first-class constraints: 

^=7r° a (x,y)^0 (IV.22a) 
^=Vf4(x,y)*0 (IV.22b) 

where I labels all spatial components of A4. Therefore the number of physical degrees of freedom is (N 2 — l)m — 
2(N 2 - 1) = (N 2 - l)(m - 2) per spatial point (x, y). 
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The corresponding gauge algebra has the structure of Eq. pi. lip with the corresponding coupling constant g m 

[u],^ M}sU(N,M) = 9mfabc ^ [uv] . (IV .23) 

where the Poisson bracket {•, - }su(n,m ) is calculated in terms of canonical conjugate pairs {A a M , nff ). In the same 
fashion, gauge transformations (|IV.21|) can be obtained via the gauge generator (|II.12[) . where a a — a a (x, y), by using 

8A a M = {A a M ,G} su{ N,M)- ( IV - 24 ) 
We now perform the transition from the SU(N, A4) variables to the natural variables that arise in the effective 
theory after compactification. 



C. Compactified theory and the SU(N, M 4 ) description 

For the sake of simplicity, from now on we focus on the case n = 1, that is, five-dimensional SU (N, M) Yang-Mills 
theory; however, most of our results can be extended to an arbitrary n. In five dimensions, the theory consists of 
3(N 2 — 1) true degrees of freedom per spatial point (x, y) 

The components of the connection A a M find a natural split into A^(x, y) and A$(x,y) and following Ref. [f|, we 
assume a compact extra dimension homotopically equivalent to the circle S 1 of radius R. The A^(x,y) and A% (x,y) 
fields are assumed to be periodic with respect the fifth coordinate, so they can be expressed as Fourier series. Since, in 
general, not all the zero modes in the Fourier series have associated a standard counterpart, it is desirable to eliminate 
some of these degrees of freedom by imposing extra symmetries acting on the fifth coordinate. One possibility is to 
demand that the fields of the theory obey some definite parity property under the reflection y — > — y. Under this 
assumption, Fourier series would involve only even or only odd Fourier expansions. To implement this symmetry, one 
replaces S 1 by S 1 /Z2 in which y is identified with —y. Following Ref. @, we assume that A a ^{x,y) and A§(x,y) are, 
respectively, even and odd under the reflection y — > —y. In five dimensions, these requirements imply that curvature 
components T^(x 7 y) and T^ 5 (x,y) display even and odd parity in the extra dimension, respectively. Under these 
assumptions, the following Fourier expansions are allowed: 

a;(x, y ) = -=4 0)a (x) + 4 m)Q 0=) cos ) . ( IV - 25a ) 

* rn—1 

/~T 00 
^£4 m) >)sin(2^) , (IV.25b) 

m— 1 

T^(x,y) = - m T^(x) + ] l-J2 ^™ )Q (x)cos(2^) , (IV.25c) 

V m— 1 

/— 00 
^E^^K 2 ^) • ( IV - 25d ) 

m— 1 

In particular, it will be important to make the analogy between Eqs. (IIV.25aP and (|IV.25b[) and the point transfor- 
mations pi.141) . 

Following the compactification scheme introduced in Q one obtains the Fourier components of the curvature in 
terms of the gauge-field components 

= F$ a + gf abc A^ b A^ c , (IV.26a) 

j:{rn)a = v (0)ab A (rn)b _ v (0)ab A (m)b + j^^^W^ , (IV.26b) 

where T>^ ab = 5 ab d^ — gf abc A^ c , the coupling constant g = g 5 /y/R, and 

FjfJ a = d„A^ a - d v A$> + gf abc A^ b A^ c . (IV.27) 

In addition 

Amrn — r t rnJ r' n ^Tn,r-\-n ~t~ ^n.r+m) i (IV. 28a) 

^'mrn = {&m,r+n + &r,m+n ~ ^n,r+m) ■ (IV. 28b) 



19 



Notice that there is a clear resemblance between Eqs. (|II.16|) and (|IV.26p . In the same fashion as the sit (3)-valued 
curvature in our toy model was decomposed into well defined objects Y ^, and F^J) under the SU(2) subgroup 

by means of the point transformation (|II.14j) . we will show that Eqs. (|IV.26|) represent the decomposition of the pure 

SU(N,M) Yang-Mills curvature into well defined objects (J-jn) a , J-^ a , and J-^ a ) under the subgroup SU(N,M 4 ) 
(see Eq. (|IV.36jl ). Also, this decomposition represents a map from covariant objects under ISO(l,4) Poincare group 
into covariant objects under the standard 750(1,3) one. 

Integrating out the extra dimension after Fourier expanding (|IV.20[) yields the following effective Lagrangian, 
e/. ([ILT71): 

£su(N, M*) = ~\ (j^'J^ ^" + j-M"j-(™)<^ + 2 _ (TV. 29) 

The analysis of the toy model in Sec. HT1 suggests that Fourier expansions of gauge fields, pV.25al) and pV.25b[) . can 
be treated as a point transformation which connects the natural coordinates in the pure SU[N,M) five-dimensional 

Yang-Mills theory (A a M ) and the built-in coordinates (A^ a , A^ a , and A^ a ) of the effective Lagrangian pV.29p . 
In this framework, gauge transformations (|IV.21[) are mapped by (|IV.25ap and pV.25b[) into 

SA (0)a = V (0)ab a (0)b + g jabc A (ra)b a ( m )c > (IV.30a) 

SA^ a = gf abc A^ b a {0)c + V^ ab a {n)b , (IV.30b) 
8A { ™ )a = ff / afcc 4 m) V°> c + vi mn)ab a^ b , (IV.30c) 

after the extra dimension is integrated out. The parameters a^ a (x) and cS m%>a (x) are the Fourier components in the 
expansion of a a (x,y) = a a (x, —y). In expressions PV.30P the following quantities have been defined: 



v (rnn)ab = § mn V (0)ab _ ( (IV.31a) 

v (ran)ab = J™^^ _ g fabc _ (IV.31b) 



In analogy with E qs. (fTT7T9]) and (|lL20]l . the SGT and NSGT are defined for pure Yang-Mills theory. The SGT arc 
defined from (IIV.30P by restricting the gauge parameters of SU(N 7 M), a a (x,y), to the standard M 4 manifold, that 
is 

SsA (o)a _ v (Q)ab a (o)b^ (TV. 32a) 

5sA (rn)a = g f abc A (m)b a (0)c ^ (IV.32b) 

6 s A^ )a = «?/ ahc 4 m)b « (0)c ■ (IV.32c) 

In analogy with the gauge fields W° under SU(2) pi,19ap . the Fourier component A\^' a becomes a gauge field with 
respect to SU (N, Ai 4 ). The matter field Y^, a doublet that is transformed in the fundamental representation pl,19bl) . 
is comparable with the excited KK modes A^ 0, which transform in the adjoint representation of SU(N, M 4 ). In 
addition, A^ 5 transform as matter fields in the adjoint representation of SU(N, Ai 4 ). In contrast, the NSGT for 
pure Yang-Mills theory are obtained from 

(irPOt by setting a^ a = 0, that is (cf. (llL20l) ) 



S ns A^ a = gf"bc A (?n)b a ( m )c ^ (IV.33a) 

8 ns A { ; n)a = v { ; nn)ab a {n)b , (IV.33b) 

4 ! 



(m)a _ T) (mn)afe Q; („)6 (IV.33c) 



Gauge invariance of pV.29p under pV.30P is guaranteed since the latter imply the following variations at the level of 
the Fourier components of the curvature: 

5Tj°) a = gf abc (V^ V 0)c + F { ™ )b a {m)c \ , (IV.34a) 
S^lZ l)a = 9f abc (HZ l)b ^ Q)c + (6 mn rj$ b + A mrn T$ b ) a^ c ) , (IV.34b) 

6Jr (rn )a = gfabc ^(m)6 Q C0)c + ^» a (n)j . (Iv . 34c) 
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It is not difficult to see that the effective Lagrangian £su(N, m 4 ) is invariant under these transformations. Therefore, 
Eqs. (|IV.30p are genuine gauge transformations of the effective theory. 

It is worth noticing that the scalar fields A^ a can be eliminated altogether via a particular NSGT. Consider a 
NSGT with infinitesimal gauge parameters given by oS m ^ a (x) — (R/m)A < ^ nS>a @. Then, from Eq. (|IV.33c[) . we can 

see that — > A^ m ^ a = 0. This result shows that the A^ a (x) scalar fields are in fact pseudo Goldstone bosons. 

It is important to stress that the invariance of the effective theory (|IV.29j) under the transformations (|IV.30j) is by 
no means immediate. A direct calculation of the curvature variations pV.34[) from (|IV.30|) give raise to the following 
extra terms quadratic in g: 

A^^} — 9 [fabcfbde^pq^mn ~t~ ^rpq^rmn) ~t~ fadbfbce{^nq^mp ~\~ A rn qA rnl p) (IV. 35a) 

+fabefbc d {Sn P S mq + A rnp A rmq )} A^ d A^ e a^ c 

T(m)a _ _ 2 If f A/ A/ if f A/ A/ 

fj,5 y \_J abcJbde L -^ r qp l - i -rvan > J adbJbce L -^ r qn L -^rmp 

+.fabefbcd(SnpS mq + A npr A' mqr )] A^ d A^ )e a^ c (IV.35b) 

in Eqs. (|IV.34bj) and pV.34cj) . respectively. These terms, that would destroy the invariance of the effective Lagrangian 
Csu(n,m 1 ) under (|iV.30[) . are necessarily zero by consistency with the Fourier transformation pV.25|) . The variation 
of curvatures 5F1 IN = g5f a bcJ~\ {N u c (x : y) is duly mapped into Eqs. (IIV.34I) under the point transformation (IIV.25I) . 
We will discuss further this point within the Hamiltonian formalism of the theory. 

The SGT pV.32[) induce the corresponding SGT at the curvature level. From Eqs. PV.34I) . all Fourier components 
of J-ff N do covariantly transform under the symmetry group of SGT, SU(N, M 4 ), 

^j?J a = gf abc ^J b a^ c , (IV.36a) 
Ss^ )a = gf abc F ( ™ )b a^ c , (IV.36b) 
SsA7 )a = gf abc A7 )b a^ c . (IV.36c) 



The phase space description of this theory allows us to define the gauge generators associated to the so-called SGT 
and NSGT defined above. The canonical analysis of the effective SU(N, Ai 4 ) Lagrangian (IIV.29[) goes along the same 
line as Sect. B2 of Ref. @. The conjugate momenta are given by 

7r(°)^ = , (IV.37a) 

ttW" = J**)" , (IV.37b) 
^(°) 5 = J>) 50 . (IV.37c) 

It is worth noticing, from Eqs. PV.32P and pv.36|), th at ca nonical pairs are well defined objects with respect to 
SU(N,Ai 4 ). In addition, the Fourier expansions pV.25cj) and pV.25dj) together with tt^ 1 — J 7 ^ 10 allow us to write 

= + V ^ E 4 ro)M (^)cos (2^) , (IV.38a) 

v m=l 



-^ 7 rM 5 (x)sin(2 7 r^) . (IV.38b) 

m— 1 



These expressions relate the conjugate momenta inherent in the pure SU(N, At) Yang-Mills theory and those presented 
in the effective SU(N, Ai 4 ) theory. Moreover, they are equivalent to (|II.29|) . 

The temporal component of (IIV.37ap and pV.37b[) define the following primary constraints: 

0(i)(o) = ^(0)0 w j (IV.39a) 

0«(»O = 7ri")° w . (IV.39b) 
The primary Hamiltonian takes the form (c/. (1II.32[) ) 

^sl(N, M*) = K S U(N, M 4 ) + M (0)Q tf )(0) + M ( " )Q tf )(n) , (IV.40) 
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where besides the linear combination of primary constraints, with Lagrange multipliers /j,^ a and ^S n ^ a as coefficients, 
the canonical Hamiltonian is (c/. (|II.33p ) 

- 4 o)a 0i 2)(o) - 4 n) >i 2)(n) , (iv.4i) 

where (j)^^ and </)i 2 ^™' ) are functions of phase space that will be specified after presenting a couple of key results 
useful for the rest of the discussion. 

Proposition IV. 1 The Fourier expansion of gauge fields and conjugate momenta, Eqs. pV.25a[) . (|IV.25b[) and 
(IIV.38I) . define a canonical transformation. 

The proof of this proposition is collected in the Appendix [A] This proposition ensures that {•, ■}su(N,M) — 
{") •}sc/(A r .A'! 4 )! w here {•, •}sc/(at,x 4 ) indicates the Poisson bracket with respect to (A^ a , TTa ), (Ap a ,TTa ), and 
(A^ a , 7ri™^ 5 ). Because there exists a spacetime independent canonical transformation between the pure SU{N 1 M) 
Yang-Mills theory and the effective theory SU(N, VW 4 ), it immediately follows that both canonical Hamiltonians 
Hsu(n,m) an d tisu(N.M 4 ) are mapped into each other via such a transformation, as can be proved by direct cal- 
culation. However, in a singular theory the time evolution is governed by the primary Hamiltonian and not by the 
canonical one. An important observation is the following. If in a general singular theory of fields there is a space- 
time independent canonical transformation which connects two primary Hamiltonians corresponding to two different 
formulations of the same theory, that is, if such transformation maps one set of primary constraints into the other 
one, thus both formulations must have the same number of generations of constraints (tertiary, quartic, etc.). This 
is an immediate consequence of the relation between the Poisson brackets in the two different formulations. Another 
consequence is that the set of secondary (tertiary, quartic, etc.) constraints in one of the formulation is necessarily 
mapped into the corresponding set of constraints in the other formulation via the canonical transformation. Hence it 
is useful the following result 

Proposition IV. 2 The set of primary constraints (IIV.22ap of the five dimensional pure SU(N, M) Yang-Mills theory 
is faithfully mapped into the set of primary constraints (|IV.39[) of the SU(N, M. A ) Yang-Mills theory. 

The proof of this proposition is straightforward from Eq. (|IV.38ap and the linear independence of trigonometric 
functions. Moreover, it can be extended to the case of m dimensional pure SU(N, M.) Yang-Mills theory and its 
compactification down to four dimensions. 

Propositions IPVT1 and IPV21 ensure that secondary constraints 

^(2)(0) = v (0)ab n m _ gfabc ^ A {n)c n {n)i + ^M^M^ ^ Q } (IV.42a) 
(2)(n) = v {nm)ab^rn)i _ p („ m )a^( m )5 _ gfa bc A (n)o^)i ^ Q ^ (I V .42b) 

that emerge in the canonical Hamiltonian (IIV.41I) . can be also calculated from pV.22b[) via the transformations 
pV.25a|) . (|IV.25bp and (|IV.38p . Indeed, the result of that calculation matches with Eqs. (TIV.42I) . Less-trivial out- 
comes of the considerations above are the following. Firstly, the effective theory must not present either tertiary or 
higher constraint generations. Secondly, the gauge algebra of the effective theory can be obtained via the canonical 
transformation from the gauge algebra (|IV.23[) of the pure five dimensional SU(N, Ai) Yang-Mills theory. In fact, 

gfabc^ m [uv] , (IV.43a) 
gfabc^ )(n) [uv] , (IV.43b) 
gfabc ( Wi 2)(0) M + A mni 4 2 )M M) ■ (IV.43C) 

which coincides with Eqs. (68)-(70) of Ref. @. 

The gauge generator that reproduces the gauge transformations (|IV.30[) is the sum of the SGT (G s ) plus the NSGT 
(G ns ) generators, where 

G s = (vi 0)ab a^ b ) + gf abc A^ )b a^ c ^ )in) - a^ a ^ (IV.44a) 

G ns = 5 /afc c 4" )b « (m)c 0i 1)(O) + (y m "> a V"> b ) - a( m >>i 2 )(") (IV.44b) 



{0i 2)(o) M>i 2)(o) M} = 
{0i 2 )M M> ww H} = 
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The sum G s + G ns is the image under the canonical transformation mentioned in Prop. HV.ll of the gauge generator 
that reproduces gauge transformations (|IV.21[) in the five dimensional case. 

In this paper we take the point of view that if one can find a complete set of gauge transformations at the Hamiltonian 
level, one automatically gets a complete set of gauge transformations at the Lagrangian level [25[ . This implies that 
there are no more gauge transformations of the Lagrangian than those generated by PV.44P , which in turn correspond 
to PV.30|) . Therefore, the effective Lagrangian (|IV.29[) must be invariant under these transformations, so that any 
extra term in the calculation of i£smjv^M*) must be either identically zero or a surface term. In this regard we argue 
that the extra terms (|IV.35a[) and pV.35bl) must vanish since they do not include any derivative, hence they cannot 
be rewritten as a surface term. 

We end this section with a heuristic counting of true degrees of freedom in the effective theory. Let us take 
for the moment "truncated Fourier expansions" up to some order K, so that, letting K — > oo will precisely yield 
(A^(x,y),^(x,y)) and (A%(x,y),n 5 a (x,y)) in terms of (A^ a (x),n a 0) y)), (A<? )a (x), ^{x)), (4" )q (x), n a n)5 (x)) 
and trigonometric functions. In other words, K quantifies the contribution from the extra dimension in the "truncated 
Fourier expansions" . The number of canonical pairs and first-class constraints in the truncated version are 2 x [4(A 2 — 
1) + 4K(N 2 - 1) + K(N 2 - 1)] and 2(N 2 - 1) + 2K(N 2 - 1), respectively. Thus, the number of true degrees of freedom 
when K is large but finite is Nq(K) = 2(N 2 — 1) + 3K(N 2 — 1) per spatial point (x). Allowing K — > oo this number 
of true degrees of freedom becomes infinity because one is also counting the continuum contribution of the extra 
dimension. In order to obtain the number of true degrees of freedom per spatial point (x, y) one needs to take the 
ratio Nq/K before considering K — > oo. After this process is done we have that the number of true degrees of freedom 
per (x, y) point is 3(A 2 — 1), which coincides with the corresponding number in the pure SU(N, Ai) Yang-Mills theory. 

V. FINAL REMARKS 

In this paper, we have presented a comprehensive study of the gauge structure of Yang-Mills theories with com- 
pactified extra dimensions. As it was shown in Ref. @, the gauge structure of the effective theory that emerges after 
compactification is subtle because it involves an infinite number of gauge parameters. Moreover, the switch from the 
original to the effective theory via compactification is highly nontrivial, this is due to the fact that at first glance it 
is not clear if both theories are indeed equivalent. We have clarified these points by appealing to the fundamental 
concept of canonical transformation and the notion of hidden symmetry. 

Although the idea of hidden symmetry is well known in the context of theories with SSB, we have extended this 
notion to comprise more general scenarios. The main idea behind a hidden symmetry as we have presented it, is 
the following. Consider a gauge system governed by a group G, denote by q a the coordinates that transform as 
components of a g— valued connection and let p a be their canonical conjugate momenta; that is, {q a ,Pb} = S^, with 
a, b, ■ ■ ■ collectively denoting discrete and continuous indices. Assume that the action S[q] of the theory does not 
involve tensorial representations of G, the theory comes in terms of q a only. Let H be a nontrivial subgroup of G, 
say, generated by a subset {T a } of the generators of G. From the H perspective not all q's transform as connection 
components, but only q a ; the remainder g's arise in a tensorial representation of H. We have considered the canonical 
transformation (q a ,p a ) ^ (Q a , Q a , P a , P a ), where q a = Q a and P a = p a , the conjugate pairs (Q a ,Pa) stand for those 
coordinates that furnish a tensorial representation of H. At the configuration-space level (q a ) H > (Q a ,Q a ) is given 
by a point a transformation. The observation we have stressed is that although from the H perspective we have a 
theory with h— valued connection components q a and coordinates Q a that transform in tensorial representations of 
H, which could be interpreted as matter fields, both sets of coordinates can be actually seen as components of a single 
(/—valued connection from the G perspective. Is in this sense that the larger symmetry G is not lost, but hidden in 
the theory defined by S[q & , Q & \. 

These considerations were illustrated in detail in sections ITT1 and Hill by using G = SU (3) and H = SU(2). In theories 
where SSB is present via a mechanism where the gauge group G is broken into a subgroup H, using the H perspective, 
as explained above, is practical as it emphasizes that one has to take into account the group G underlying the theory. 
This is particularly useful in the quantization of such theories. The corresponding NSGT in pure Yang-Mills theory 
with one UED were similarly implemented to fix a unitary gauge. 

Pure Yang-Mills theory with one UED also lies in our context of hidden symmetry. These theories are formulated 
to be invariant under a gauge group SU(N, Ai), with Ai m = Ai A x J\f n the spacetime manifold, and under the 
corresponding Poincare group ISO(l,m — 1). Then, it is assumed that the Af n manifold is compact and that 
the fundamental objects of the theory, namely, the gauge fields, A%i(x,y), and the gauge parameters, ct a (x,y), 
are periodic functions with respect to the compact coordinates y. To recover the theory governed by the groups 
SU(N, Ai 4 ) and ISO(l, 3), some parity requirements with respect to the extra coordinates are imposed on the fields 
and gauge parameters. We established a map from the original objects A1j(x, y) and a a (x, y) into new objects 

(A^'"' (x) , A}T''" (x), • • • , A^ m '"' ^(x), • • • ) and (a' '"' ) a (ir), a.( m '"' ^ a (x), • • • ) via a Fourier transformation; the 
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latter sets being the Fourier modes. The periodicity and parity properties of the conjugate momenta TT®(x,y) and 
TT^(x,y) are inherit from the fields A^(x,y) and A^(x,y), so that corresponding Fourier series can be established. 
These maps were shown to be a canonical transformation that allows to establish the correspondence between the 
SU(N,M.) and SU(N, A4 4 ) perspectives. Let us to examine more closely these Fourier transformations. 

• Covariance. The maps 

A%{x,y) ^ (4°'">(c), A(™>~^(x), ■••) , (V.l) 

A%(x,y) ^ (4 m '- )Q (x), •••) , (V.2) 

a a (x,y) ^ (a^ a (x), a^-^(x), •••) , (V.3) 

are all transformations from covariant objects of SU{N,M) and ISO(l,m — 1) to covariant objects of the 
standard groups SU(N, Ai 4 ) and ISO(l, 3). We have shown that the maps 

(A°(x,y), n;(x,y)) * (a$> -> a (x), ">) , (j^' ">(*), nj™< ->«),.■•, (V.4) 
(A a fi (x,y), n%(x,y)) » (4™' - )a (x), ^ ~ )a ),---, (V.5) 

form a canonical transformation. 

• There is no spontaneous symmetry breaking. As Lie groups, SU(N,A4) and SU(N, Ai 4 ) share the 
same number of generators, so the map from one to the other cannot involve a SSB. However, as gauge groups 
SU(N, Ai) and SU(N, Ai 4 ) are quite different because their parameters are defined on different manifolds. 
Indeed the restriction of the a a (x,y) parameters to the usual spacetime manifold Ai 4 leads to the standard 
gauge group SU(N, Ai 4 ), so it is a subgroup of SU(N,Ai) in this sense. Since there are no broken generators 
of the gauge group, the Higgs mechanism does not operate in the conventional sense in this case, as massless 
Goldstone bosons cannot emerge from the gauge group. The pseudo Goldstone bosons needed for the Higgs 
mechanism are provided by an explicit breaking of the Poincare group 750(1, m — 1) into the standard one 
ISO{l,i). From these considerations, it is now clear that the map from SU(N,A4) to SU(N, Ai 4 ) corresponds 
to a more general scenario than the one considered in Sec. |H]for the groups SU(3) and SU{2). However, the 
essential ingredient of mapping covariant objects onto covariant objects is common to both scenarios. 

• SGT and NSGT. In a map between conventional gauge groups, as that from SU(3) to SU(2), the SGT 
are associated to the generators of the subgroup H, whereas the NSGT are linked to the generators of G 
which do not belong to H . We have shown that the transition from the G to the H description is done via a 
canonical transformation. From the H perspective, the G symmetry is not manifest, but it is hidden. When 
the spontaneous breakdown of G into H is considered, one can use an specific NSGT to remove the pseudo 
Goldstone bosons from the theory. This gauge-fixing procedure defines the unitary gauge. When the map 
given by the Fourier series from SU(N,Ai) into SU{N, Ai 4 ) is implemented, also SGT and NSGT [6| emerge. 
In this scenario, the SGT are the ones associated to the gauge group SU(N, Ai 4 ), whereas the NSGT have 
nothing to do with generators of a Lie group, but with certain type of transformations of the gauge fields 
(4°' ^ a (c), A^ m ' ^ a (x), •••) determined by the (a' m '"' ^(x), •••) parameters. Although this is an important 
difference, we have shown that these transformations have an identical structure to those that arise in a map 
between conventional gauge groups. Moreover, we have shown that the pseudo-Goldstone bosons that arise 
from compactification can be removed of the theory using an specific NSGT (unitary gauge), just as it is done in 
conventional gauge theories. Indeed, through the paper we have found an close parallelism between both types 
of canonical maps. 

• Equivalence of the theories. The fact that the map from SU(N,Ai) into SU(N,Ai 4 ) is canonical becomes 
crucial to prove that the effective theory is completely equivalent to the original theory. It is not only necessary 
to show that they have the same number of degrees of freedom, but also that they share the same gauge algebra. 
Indeed, we have shown that the latter requirement implies the former. It is at this point that the canonical 
nature of the SU(N, Ai) H> SU (N, Ai 4 ) map plays a central role, as it is the invariance of the Poisson's bracket 
{■> '}su(n.m) — {") '}su{n,m 4 )- This automatically implies that the canonical Hamiltonian is invariant, that is, 
H su(N,M) = T~Lsu{ n.m 1 ) i because the canonical transformation does not depend explicitly on the time. However, 
the evolution of the constraints in one or the other theory is not determined by the canonical Hamiltonian but 
by the primary one. We have proved that both theories share the same gauge algebra by showing that the gauge 
generator of one theory is mapped into the other. 
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Appendix A: Fourier expansion as a canonical transformation 

We will prove that Fourier expansion is a canonical transformation by showing that it maps conjugate canonical 
pairs into conjugate canonical pairs. We will make use of the following Poisson brackets among the gauge fields and 
their canonical conjugate momenta: 

{A a M {x,y),ir b N (x',y')} S u(N,M) = S b S M S ( x - x')5{y - v') 
{A a M {x,y),A b N (x',y')} SU (N,M) = i n a \ x ^v)^b ( x ' ,y')}su(N,M) = » 
as well as of the inverse Fourier transformations 



A^ a (x) = J=y dyA^(x,y) 
A^ )a (x) = ^jdyA^y) cos (2^) 
At n)a {x) = JI f d»^g(x,») S in(27r 



my\ 

n^(x) = ^=J dy^(x,y) 

= /| /dy^(x,y)cos(2^) 

^ m)5(x) = \l^Jdy^ a (x,y) S m(2n^) . 

In order to properly deal with the distribution characteristic of the Poisson brackets, we will use smooth smearing 
functions u and v defined on M A . 

The nonvanishing Poisson brackets for the Fourier modes are the following: First, the zero components with four 
dimensional spacetime labels 

{4 0) >],4 0) >]W(W) - J d 3 xd 3 x'u{x)v(x>){Af a {x)^ )v (x')} su(N , Mi) 
= j d 3 xd 3 x'dydy' u(x)v(x')^{A^(x,y),^(x' ,y')}su(N,M) 

= J d 3 xd 3 x'dydy'u(x)v(x')±S a b 5»6(x - x')6(y - y') = S a b 6^[uv] ; (A.l) 

second, the m modes with four dimensional spacetime labels 

{A^ a [u],4 n)v [v]} SU (N,MV = J d 3 xd 3 x'u(x)v(x / ){A^ a (x),ni n)l '(x / )} su(N . Mi) 

= J d 3 xd 3 x'dydy'u{x)v{x')^cos (stt^) cos {A^{x,y),^(x' ,y')}su(N M ) 

= S a b S;S mn [uv}; (A.2) 
and finally, the m modes with the fifth component 

{A { ™ )a [uUl n)5 [v}} S u(N,M*) = J d 3 xd 3 x'u(x)v(x'){At )a (x),4 n)5 (x')} su(N , Mi) 

= J d 3 xd 3 x / dydy'u(x)v(x')^sm (2tt^) sin (^ir^j {A$(x,y),4(x' ,y')} su(n,m) 

= 5 b l 5 mn {uv}. (A.3) 
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Thus, under the assumption that (A%[ , ir^ 1 ) are canonical pairs, one obtains that in pairs (A^ , 7ri '**), 
^(m)a ^(m)^^ an( j (ylg 1 ™' 10 , ir^ 5 ) are canonical pairs. 

Conversely, assuming that (A^ a , 7Ta ), (.4^ m ' la , 7ri m ^) and (-4g m ' |a , 7ri"^ 5 ) are canonical pairs, one obtains that 
(A^jjir^ 1 ) are canonical pairs. This is achieved using the Fourier transform and smear functions u and v defined in 
A4, therefore periodic in y. These functions will be asked to be even when calculating the Poisson brackets between 
A® and 7Tj , so that they can be expanded as follows 



u{x,y) = 




(A.4) 



and we will demand they are odd when calculating the Poisson brackets between A§ and 7rjj, thus expanded as 

-5> (m) (*)sin(27r^) . (A . 5 ) 

m— 1 

In conclusion, from a set of conjugate pairs we obtain, via the Fourier transform, another set of conjugate pairs. 

This proof can easily be extended in the presence of more extra dimensions, provided each of the extra dimensions 
is a compact manifold homotopically equivalent to S 1 , and that the corresponding canonical pairs have suitable parity 
properties on the extra dimensions. 
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